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ON THE CURVATURE OF TENSOR PRODUCT CONNECTIONS
AND COVARIANT DIFFERENTIALS
JOSEF JANYSˇKA
Abstract. We give coordinate formula and geometric description of the curva-
ture of the tensor product connection of linear connections on vector bundles with
the same base manifold. We define the covariant differential of geometric fields of
certain types with respect to a pair of a linear connection on a vector bundle and
a linear symmetric connection on the base manifold. We prove the generalized
Bianchi identity for linear connections and we prove that the antisymmetrization
of the second order covariant differential is expressed via the curvature tensors of
both connections.
Introduction
In the theory of linear symmetric (classical) connections on a manifold there are
many very well known identities of the curvature tensor (see for instance [1, 4]).
Some of these identities can be generalized for any linear connection on a vector
bundle.
In this paper we give the coordinate formula for the curvature of the tensor product
connection K⊗K ′ of two linear connections K or K ′ on vector bundles E →M or
E
′ →M , respectively, and we give also the geometric description of this curvature.
We prove that the curvature of K ⊗K ′ is determined by the curvatures of K and
K ′.
The above results are used in the case if one of linear connections is a classical
(linear and symmetric) connection on the base manifold. We introduce the covari-
ant differential of sections of tensor products (over the base manifold) of a vector
bundle, its dual vector bundle, the tangent and the cotangent bundles of the base
manifold. We prove that such (first order) covariant differential of the curvature
tensor of a linear connection satisfies the generalized Bianchi identity and that the
antisymmetrization of the second order covariant differential is expressed through
the curvatures of linear and classical connections.
All manifolds and maps are supposed to be smooth.
1. Linear connections on vector bundles
Let p : E → M be a vector bundle. Local linear fiber coordinate charts on E
will be denoted by (xλ, yi). The corresponding base of local sections of E or E∗ will
be denoted by bi or b
i, respectively.
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Definition 1.1. We define a linear connection on E to be a linear splitting
K : E → J1E . 
Proposition 1.2. Considering the contact morphism J1E → T ∗M ⊗ TE over the
identity of TM , a linear connection can be regarded as a TE-valued 1-form
K : E → T ∗M ⊗ TE
projecting on the identity of TM .
The coordinate expression of a linear connection K is of the form
K = dλ ⊗
(
∂λ +Kj
i
λ y
j ∂i
)
, with Kj
i
λ ∈ C
∞(M , IR) . 
Definition 1.3. The covariant differential of a section Φ : M → E with respect to
K is defined to be
∇KΦ = j1Φ−K ◦ Φ : M → E ⊗
M
T ∗M . 
Remark 1.4. From the affine structure of pi10 : J
1
E → E we obtain that the
difference j1Φ − K ◦ Φ lies in the associated vector bundle VE ⊗ T ∗M . From
VE = E ×
M
E we get the above Definition 1.3. 
Let Φ = φi bi, then we have the coordinate expression
∇KΦ = (∂λφ
i −Kj
i
λφ
j)bi ⊗ d
λ .
Definition 1.5. The curvature of a linear connection K on E turns out to be the
vertical valued 2–form
R[K] = −[K,K] : E → VE ⊗ Λ2T ∗M ,
where [, ] is the Froelicher-Nijenhuis bracket. 
The coordinate expression is
R[K] = R[K]j
i
λµ y
j ∂i ⊗ d
λ ∧ dµ
= −2(∂λKj
i
µ +Kj
p
λKp
i
µ) y
j ∂i ⊗ d
λ ∧ dµ ,
i.e. the coefficients of the curvature are
R[K]j
i
λµ = ∂µKj
i
λ − ∂λKj
i
µ +Kj
p
µKp
i
λ −Kj
p
λKp
i
µ .
If we consider the identification VE = E×
M
E and linearity of R[K], the curvature
R[K] can be considered as a tensor field (the curvature tensor field) R[K] : M →
E
∗ ⊗E ⊗ Λ2T ∗M .
Theorem 1.6. We have the generalized Bianchi identity
[K,R[K]] = 0 .
Proof. It follows from the graded Jacobi identity for the Froelicher-Nijenhuis
bracket. QED
We have, [3],
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Proposition 1.7. Let K be a linear connection on E. Then, there is a unique
linear connection K∗ : E∗ → J1E∗ on the dual vector bundle E∗ → M such that
the following diagram commutes
E ×
M
E
∗ 〈,〉−−−→ M × IR
K×K∗
y 0×idIR
y
J1E ×
M
J1E∗
J1〈,〉
−−−→ T ∗M × IR
Its coordinate expression is
K∗ = dλ ⊗
(
∂λ −Ki
j
λ yj ∂
i
)
, with Ki
j
λ ∈ C
∞(M , IR) ,
where (xλ, yi) are the induced linear fiber coordinates on E
∗ and ∂i = ∂/∂yi. 
Definition 1.8. The connection K∗ is said to be the dual connection of K. 
Proposition 1.9. We have R[K∗] : M → E ⊗
M
E
∗ ⊗
M
Λ2T ∗M and
R[K∗]ijλµ = −R[K]j
i
λµ . 
2. Tensor product linear connections
Let p′ : E′ → M be another vector bundle. Local linear fiber coordinate charts
on E′ will be denoted by (xλ, za). The corresponding base of local sections of E′ or
E
′∗ will be denoted by b′a or b
′a, respectively.
Consider a linear connection K ′ on E′ with coordinate expression
K ′ = dλ ⊗
(
∂λ +K
′
b
a
λ z
b ∂a
)
, with K ′b
a
λ ∈ C
∞(M , IR) .
Let us consider the tensor product E ⊗
M
E
′ → M with the induced fiber linear
coordinate chart (xλ, wia). We have, [3],
Proposition 2.1. Let K be a linear connection on E and K ′ be a linear connection
on E′. Then, there is a unique linear connection K ⊗K ′ : E ⊗
M
E
′ → J1(E ⊗
M
E
′)
such that the following diagram commutes
E ×
M
E
′ ⊗−−−→ E ⊗
M
E
′
K×K ′
y K⊗K ′y
J1E ×
M
J1E′
J1⊗
−−−→ J1(E ⊗
M
E
′)
Its coordinate expression is
K ⊗K ′ = dλ ⊗
(
∂λ + (Kj
i
λw
ja +K ′b
a
λw
ib)∂ia
)
. 
Definition 2.2. The connection K⊗K ′ is said to be the tensor product connection
of K and K ′. 
Remark 2.3. We remark that this concept was introduced in another way in [2],
p. 381. 
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The tensor product connection is linear, so we can define its tensor product con-
nection with another linear connection and we have by iteration
Proposition 2.4. A linear connection K on E and a linear connection K ′ on E′
induce the linear tensor product connection Kpq⊗K
′r
s := ⊗
pK⊗⊗qK∗⊗⊗rK ′⊗⊗sK ′∗
on ⊗pE ⊗
M
⊗qE∗ ⊗
M
⊗rE′ ⊗
M
⊗sE′∗ with coordinate expression
Kpq ⊗K
′r
s = d
λ ⊗
(
∂λ + (Kk
i1
λw
ki2...ipa1...ar
j1...jqb1...bs
+ · · ·+Kk
ip
λw
i1...ip−1ka1...ar
j1...jqb1...bs
−Kj1
k
λw
i1...ipa1...ar
kj2...jqb1...bs
− · · · −Kjq
k
λw
i1...ipa1...ar
j1...jq−1kb1...bs
+K ′c
a1
λw
i1...ipca2...ar
j1...jqb1...bs
+ · · ·+K ′c
ar
λw
i1...ipa1...ar−1c
j1...jqb1...bs
−K ′b1
c
λw
i1...ipa1...ar
j1...jqcb2...bs
− · · · −K ′bs
c
λw
i1...ipa1...ar
j1...jqb1...bs−1c
) ∂
j1...jqb1...bs
i1...ipa1...ar
)
where (xλ, w
i1...ipa1...ar
j1...jqb1...bs
) are the induced linear fiber coordinates on ⊗pE ⊗
M
⊗qE∗ ⊗
M
⊗rE′ ⊗
M
⊗sE′∗. 
The curvature of the linear tensor product connection K ⊗K ′ on E ⊗
M
E
′ turns
out to be the vertical valued 2–form
R[K ⊗K ′] = −[K ⊗K ′, K ⊗K ′] : E ⊗
M
E
′ → V (E ⊗
M
E
′)⊗ Λ2T ∗M .
Theorem 2.5. The coordinate expression of R[K ⊗K ′] is
R[K ⊗K ′] = R[K ⊗K ′]jb
ia
λµ w
jb ∂ia ⊗ d
λ ∧ dµ
=
(
R[K]j
i
λµ w
ja +R[K ′]b
a
λµw
ib
)
∂ia ⊗ d
λ ∧ dµ ,
i.e. the coefficients of the curvature R[K ⊗K ′] are
R[K ⊗K ′]jb
ia
λµ = R[K]j
i
λµδ
a
b +R[K
′]b
a
λµδ
i
j .
Proof. This can be proved in coordinates. QED
Theorem 2.5 implies that the curvature R[K⊗K ′] is determined by the curvatures
R[K] and R[K ′]. Now, we would like to find the geometric description of the curva-
ture R[K ⊗K ′]. First we note that the curvatures of the above linear connections
can be considered as bilinear morphisms, over M ,
R[K] : E ×
M
E
∗ → Λ2T ∗M ,
R[K ′] : E ′ ×
M
E
′∗ → Λ2T ∗M ,
R[K ⊗K ′] : (E ⊗
M
E
′) ×
M
(E ⊗
M
E
′)∗ → Λ2T ∗M .
Then we have
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Theorem 2.6. The curvature R[K ⊗K ′] is a unique bilinear morphism such that
the following diagram commutes
E ×
M
E
′ ×
M
E
∗ ×
M
E
′∗ 〈,〉
′R[K]+〈,〉R[K ′]
−−−−−−−−−−→ Λ2T ∗M
(⊗,⊗)
y idΛ2T∗M
y
(E ⊗
M
E
′) ×
M
(E∗ ⊗
M
E
′∗)
R[K⊗K ′]
−−−−−→ Λ2T ∗M
where 〈, 〉 or 〈, 〉′ are the evaluation morphisms on E or E′, respectively.
Proof. Let us assume a bilinear morphism R : (E⊗
M
E
′)×
M
(E⊗
M
E
′)∗ → Λ2T ∗M
and let us put e = (ei) ∈ Ex, e
∗ = (ei) ∈ E
∗
x, e
′ = (e′a) ∈ E ′x and e
′∗ = (e′a) ∈ E
′
x
∗.
Then
〈e′, e′∗〉R[K](e, e∗) = e′ae′aR[K]j
i
λµe
jei d
λ ∧ dµ ,
〈e, e∗〉R[K ′](e′, e′∗) = eieiR[K
′]b
a
λµe
′be′a d
λ ∧ dµ ,
R(e⊗ e′, e∗ ⊗ e′∗) = Rjb
ia
λµe
je′beie
′
a d
λ ∧ dµ
and it is easy to see that R(e⊗e′, e∗⊗e′∗) = 〈e′, e′∗〉R[K](e, e∗)+〈e, e∗〉R[K ′](e′, e′∗)
if and only if
Rjb
ia
λµ = R[K]j
i
λµδ
a
b +R[K
′]b
a
λµδ
i
j .
Now, Theorem 2.6 follows from Theorem 2.5. QED
Proposition 2.7. The curvature R[Kpq ⊗K
′r
s] := −[K
p
q ⊗K
′r
s, K
p
q ⊗K
′r
s] is deter-
mined by the curvatures R[K] and R[K ′]. We have the coordinate expression
R[Kpq ⊗K
′r
s] =
(
R[K]k
i1
λµ w
ki2...ipa1...ar
j1...jqb1...bs
+ · · ·+R[K]k
ip
λµ w
i1...ip−1ka1...ar
j1...jqb1...bs
−R[K]j1
k
λµw
i1...ipa1...ar
kj2...jqb1...bs
− · · · − R[K]jq
k
λµ w
i1...ipa1...ar
j1...jq−1kb1...bs
+R[K ′]c
a1
λµ w
i1...ipca2...ar
j1...jqb1...bs
+ · · ·+R[K ′]c
ar
λµw
i1...ipa1...ar−1c
j1...jqb1...bs
−R[K ′]b1
c
λµw
i1...ipa1...ar
j1...jqcb2...bs
− · · · − R[K ′]bs
c
λµ w
i1...ipa1...ar
j1...jqb1...bs−1c
)
bi1...ip ⊗ b
j1...jq ⊗ ba1...ar ⊗ b
b1...bs ⊗ dλ ∧ dµ ,
where we have put bi1...ip = bi1 ⊗ . . . ⊗ bip, b
j1...jq = bj1 ⊗ . . . ⊗ bjq , ba1...ar =
ba1 ⊗ . . .⊗ bar , b
b1...bs = bb1 ⊗ . . .⊗ bbs.
Proof. This follows from the definition of the curvature, Proposition 1.9 and the
iteration of Theorem 2.5. 
3. Classical connections
Let M be an m-dimensional manifold. Local coordinate charts on M will be
denoted by (xλ), λ = 1, . . . , m, the induced coordinate charts on TM or T ∗M will
be denoted by (xλ, x˙λ) or (xλ, x˙λ) and the induced local bases of sections of TM or
T ∗M are denoted by (∂λ) or (d
λ), respectively.
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A classical connection on M is defined to be a linear symmetric connection on
pM : TM →M with coordinate expression
Γ = dλ ⊗
(
∂λ + Γν
µ
λ x˙
ν ∂˙µ
)
, Γµ
λ
ν ∈ C
∞(M , IR), Γµ
λ
ν = Γν
λ
µ .
Remark 3.1. Let us recall the 1st and the 2nd Bianchi identities of classical con-
nections expressed in coordinates by
R[Γ]ν
ρ
λµ +R[Γ]λ
ρ
µν +R[Γ]µ
ρ
νλ = 0 ,
R[Γ]ν
ρ
λµ;σ +R[Γ]ν
ρ
µσ;λ +R[Γ]ν
ρ
σλ;µ = 0 ,
respectively, where ; denotes the covariant differential with respect to Γ. 
Let us denote by Ep,rq,s := ⊗
p
E ⊗
M
⊗qE∗ ⊗
M
⊗rTM ⊗
M
⊗sT ∗M . Then, as a direct
consequence of Proposition 2.4, we have
Proposition 3.2. A classical connection Γ on M and a linear connection K on E
induce the linear tensor product connection Kpq ⊗Γ
r
s := ⊗
pK ⊗⊗qK∗⊗⊗rΓ⊗⊗sΓ∗
on Ep,rq,s
Kpq ⊗ Γ
r
s : E
p,r
q,s → T
∗
M ⊗
M
TEp,rq,s
with coordinate expression
Kpq ⊗ Γ
r
s = d
ν ⊗
(
∂ν + (Kk
i1
ν y
ki2...ipλ1...λr
j1...jqµ1...µs
+ · · ·+Kk
ip
ν y
i1...ip−1kλ1...λr
j1...jqµ1...µs
−Kj1
k
ν y
i1...ipλ1...λr
kj2...jqµ1...µs
− · · · −Kjq
k
ν y
i1...ipλ1...λr
j1...jq−1kµ1...µs
+ Γρ
λ1
ν y
i1...ipρλ2...λr
j1...jqµ1...µs
+ · · ·+ Γρ
λr
ν y
i1...ipλ1...λr−1ρ
j1...jqµ1...µs
− Γµ1
ρ
ν y
i1...ipλ1...λr
j1...jqρµ2...µs
− · · · − Γµs
ρ
ν y
i1...ipλ1...λr
j1...jqµ1...µs−1ρ
) ∂
j1...jqµ1...µs
i1...ipλ1...λr
)
where (xλ, y
i1...ipλ1...λr
j1...jqµ1...µs
) are the induced linear fiber coordinates on Ep,rq,s. 
As a direct consequence of Proposition 2.7 we have
Proposition 3.3. The curvature R[Kpq ⊗ Γ
r
s] is determined by the curvatures R[K]
and R[Γ]. We have the coordinate expression
R[Kpq ⊗ Γ
r
s] =
(
R[K]k
i1
ν1ν2 y
ki2...ipλ1...λr
j1...jqµ1...µs
+ · · ·+R[K]k
ip
ν1ν2 y
i1...ip−1kλ1...λr
j1...jqµ1...µs
− R[K]j1
k
ν1ν2 y
i1...ipλ1...λr
kj2...jqµ1...µs
− · · · − R[K]jq
k
ν1ν2 y
i1...ipλ1...λr
j1...jq−1kµ1...µs
+R[Γ]ρ
λ1
ν1ν2 y
i1...ipρλ2...λr
j1...jqµ1...µs
+ · · ·+R[Γ]ρ
λr
ν1ν2 y
i1...ipλ1...λr−1ρ
j1...jqµ1...µs
− R[Γ]µ1
ρ
ν1ν2 y
i1...ipλ1...λr
j1...jqρµ2...µs
− · · · − R[Γ]µs
ρ
ν1ν2 y
i1...ipλ1...λr
j1...jqµ1...µs−1ρ
)
bi1...ip ⊗ b
j1...jq ⊗ ∂λ1...λr ⊗ d
µ1...µs ⊗ dν1 ∧ dν2 ,
where we have put bi1...ip = bi1 ⊗ . . . ⊗ bip, b
j1...jq = bj1 ⊗ . . . ⊗ bjq , ∂λ1...λr =
∂λ1 ⊗ . . .⊗ ∂λr , d
µ1...µs = dµ1 ⊗ . . .⊗ dµs. 
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4. Covariant differentials
Let us note that the tensor product connection Kpq ⊗ Γ
r
s can be considered as a
linear splitting
Kpq ⊗ Γ
r
s : E
p,r
q,s → J
1
E
p,r
q,s .
Definition 4.1. Let Φ ∈ C∞(Ep,rq,s). We define the covariant differential of Φ with
respect to a pair of connections (K,Γ) as a section of Ep,rq,s ⊗ T
∗
M defined by
∇(K,Γ)Φ = j1Φ− (Kpq ⊗ Γ
r
s) ◦ Φ . 
Remark 4.2. The covariant differential ∇(K,Γ)Φ is in fact the standard covariant
differential (see Definition 1.3) ∇K
p
q⊗Γ
r
sΦ. 
Proposition 4.3. Let Φ ∈ C∞(Ep,rq,s), Φ = φ
i1...ipλ1...λr
j1...jqµ1...µs
bi1...ip ⊗ b
j1...jq ⊗ ∂λ1...λr ⊗
dµ1...µs. Then we have the coordinate expression
∇(K,Γ)Φ = ∇(K,Γ)ν φ
i1...ipλ1...λr
j1...jqµ1...µs
bi1...ip ⊗ b
j1...jq ⊗ ∂λ1...λr ⊗ d
µ1...µs ⊗ dν
=
(
∂νφ
i1...ipλ1...λr
j1...jqµ1...µs
−Kk
i1
ν φ
ki2...ipλ1...λr
j1...jqµ1...µs
− · · · −Kk
ip
ν φ
i1...ip−1kλ1...λr
j1...jqµ1...µs
+Kj1
k
ν φ
i1...ipλ1...λr
kj2...jqµ1...µs
+ · · ·+Kjq
k
ν φ
i1...ipλ1...λr
j1...jq−1kµ1...µs
− Γρ
λ1
ν φ
i1...ipρλ2...λr
j1...jqµ1...µs
− · · · − Γρ
λr
ν φ
i1...ipλ1...λr−1ρ
j1...jqµ1...µs
+ Γµ1
ρ
ν φ
i1...ipλ1...λr
j1...jqρµ2...µs
+ · · ·+ Γµs
ρ
ν φ
i1...ipλ1...λr
j1...jqµ1...µs−1ρ
)
bi1...ip ⊗ b
j1...jq ⊗ ∂λ1...λr ⊗ d
µ1...µs ⊗ dν .
Proof. The proof follows immediately from Definition 4.1 and the coordinate
expression (see Proposition 3.2) of the connection Kpq ⊗ Γ
r
s. QED
In what follows we set ∇ = ∇(K,Γ) and φ
i1...ipλ1...λr
j1...jqµ1...µs;ν
= ∇νφ
i1...ipλ1...λr
j1...jqµ1...µs
.
Remark 4.4. If p = q = 0 the field Φ is a standard (r, s)-tensor field on M and
∇Φ coincides with the standard covariant differential with respect to the classical
connection Γ. 
Corollary 4.5. We have
∇R[K] = R[K]j
i
λµ;ν b
j ⊗ bi ⊗ d
λ ∧ dµ ⊗ dν
=
(
∂νR[K]j
i
λµ −Kp
i
ν R[K]j
p
λµ +Kj
p
ν R[K]p
i
λµ
+ Γν
ρ
λR[K]j
i
ρµ + Γν
ρ
µR[K]j
i
λρ
)
b
j ⊗ bi ⊗ d
λ ∧ dµ ⊗ dν .
The generalized Bianchi identity can be expressed by covariant differentials as
follows.
Theorem 4.6. (The generalized Bianchi identity) We have
R[K]j
i
λµ;ν +R[K]j
i
µν;λ +R[K]j
i
νλ;µ = 0 .
Proof. This can be proved easily in coordinates by using Corollary 4.5. QED
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Theorem 4.7. Let Φ ∈ C∞(Ep,rq,s). Then we have
Alt∇2Φ = −
1
2
R[Γpq ⊗K
r
s ] ◦ Φ ∈ C
∞(Ep,rq,s ⊗ Λ
2T ∗M) ,
where Alt is the antisymmetrization.
Proof. This can be proved in coordinates by using Proposition 3.3 and Propo-
sition 4.3. QED
Example 4.8. Let Φ ∈ C∞(E), Φ = φibi. Then
Alt∇2Φ = −
1
2
R[K] ◦ Φ : M → E ⊗ Λ2T ∗M ,
i.e. in coordinates
Alt∇2Φ = −
1
2
R[K]j
i
λµ φ
j
bi ⊗ d
λ ∧ dµ . 
Example 4.9. We have
Alt∇2R[K] : M → E∗ ⊗E ⊗ Λ2T ∗M ⊗ Λ2T ∗M ,
expressed in coordinates by
Alt∇2R[K] = −
1
2
(
R[K]p
i
ν1ν2 R[K]j
p
λµ − R[K]j
p
ν1ν2 R[K]p
i
λµ
− R[Γ]λ
ω
ν1ν2 R[K]j
i
ωµ − R[Γ]µ
ω
ν1ν2 R[K]j
i
λω
)
b
j ⊗ bi ⊗ d
λ ∧ dµ ⊗ dν1 ∧ dν2 . 
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